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Retracing our Steps



Manin’s Conjecture

Setup:

e X Is a suitable Fano variety over a number field k.

e L is an ample line bundle on X, and H.: X(k) — R+ is the height function
associated to L.

e For any subset Q C X(k), define the counting function

N£(Q.B) := #{x € Q| Hp(x) < B).

“Smooth, projective, X(k) is Zariski dense in X.




Manin’s Conjecture

Setup:
e X Is a suitable Fano variety over a number field k.

e L is an ample line bundle on X, and H.: X(k) — R+ is the height function
associated to L.

e For any subset Q C X(k), define the counting function

N£(Q.B) := #{x € Q| Hp(x) < B).

Then, there exists an exceptional set Z C X(k) such that

Ne(X(K)\ Z, B) ~ cB%log B!, B — o,

where c is Peyre’s constant.

“Smooth, projective, X(k) is Zariski dense in X.




Manin’s Conjecture & Equidistribution

In particular, Manin’s Conjecture splits into two sub-problems:

Sub-problem #1: |dentify the exceptional set
Sub-problem #2: Bound the growth of the remaining points

In fact, following Peyre [Pey95], one can reformulate Manin’s Conjecture as holding that
rational points of Fano varieties are equidistributed outside the exceptional thin set.



Analysing Distribution of Rational Points

Original Idea

Let us consider the set of rational points X(k) as vertices of a graph:

e Associate a vertex to each rational point.
e Draw an edge between two vertices if their corresponding rational points

are “close” to each other.
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1) What exactly does it mean for rational points to be close to each other?

2) What can this notion of closeness tell us about the distribution of rational
points?
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On “Closeness”

Two Basic Questions

1) What exactly does it mean for rational points to be close to each other?

2) What can this notion of closeness tell us about the distribution of rational
points?

Discussion. McKinnon [McKT1] proved that rational points tend to repel each other, and
used this to prove Batryev-Manin’s Conjecture for K3 surfaces ...but we can'’t use this

repulsion principle directly since it only applies to varieties with Kodaira dim > 0.
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On “Closeness”

Two Bassic Questions

1) What exactly does it mean for rational points to be close to each other?

2) What can this notion of closeness tell us about the distribution of rational
points?

Discussion. Week 5 (Local Distribution): Fixing some rational point P, what is the
distribution of other rational points (of bounded height) close to P ...7?

e We saw how a fixed rational point P repels other points, but more work needs to
be done to quantify how any two rational points P, Q cannot get too close.

e We also dont have a clear understanding of how the local distribution changes
depending on whether P is the exceptional set or not.



A Different Angle

What are the key features of the regularity lemma?

( )




A Different Angle
[:
What are the key features of the regularity lemma?

General Proof Strategy.

Step 1: Start with a suitable notion of pseudo-randomness (“regularity”) for the
problem. Then, partition the object into pieces of the same size.

Step 2: Continue refining this partition so that we obtain an “essentially regular”
partition of the object, possibly with a small percentage of irregularity.



A Different Angle

Question
‘ What are the key features of the regularity lemma? '

What is regularity? Given a set X, define a measure ;1 on subsets of X.

Say that X is regular if for any good subset X’ C X, the expected measure of X’ is
close to the actual measure of X'.



Let G be a graph, and U, W C V(G). We call (U, W) an e-regular pair if for all
e-good subsets? A C U and B C W, we have

|d(A B) — d(U,W)| <e é(PQ6>
= @(/X

“That is, |A| > €|U| and |B| > ¢|W]|.



Week 2 (Equidistribution of Rational Points)

Peyre’s Equidistribution

Let V be a Fano variety, w\71 be the anti-canonical divisor, and h be a height

associated to it. For any open subset U C V' ,define

npw = #{x € U(k) "W : h(x) < H}.

S

We say that the rational points of V are equidistributed on U if there is a height
function such that for all good opens? W C U(A

n(V(k) N W)
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A New Test Problem

Geometric Regularity

Prove an analogue of the Regularity Lemma in the setting of rational points on

Fano varieties.

Discussion.

e No need to define when two rational points are close!

e Some technicalities (e.g. what exactly does a partition mean in this setting?), but
natural to ask: can we adapt Szemerédi's proof strategy here?

e Morally, geometric regularity should say: X(k) can be broken up into pieces which
are locally equidistributed, up to some small error ... relation to local distribution?

To global equidistribution (Manin-Peyre Conjecture)?



A New Test Problem

Geometric Regularity

Prove an analogue of the Regularity Lemma in the setting of rational points on

Fano varieties.

Discussion. The idea of proving a regularity lemma for objects which are not graphs is

not new: arthimetic regularity.




Arithmetic Regularity

Question: What is arithmetic regularity, and how can it help us count solutions?



Szemerédi’'s Theorem

Szemerédi’s Theorem (Finitary Version)

Define

IN] :={1,2,...,N}
- -
Fix 0 > 0 and positive integer k. Then, there exists a positive integer

N = N(k, §) such that every subset of [N] of size at least 6N contains an

arithmetic progression of length k.
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Szemerédi’'s Theorem

Szemerédi’s Theorem (Finitary Version)

Define
IN] :={1,2,...,N}

Fix 0 > 0 and positive integer k. Then, there exists a positive integer
N = N(k, §) such that every subset of [N] of size at least 6N contains an

arithmetic progression of length k.

Observation. Roth's Theorem deal with the case of 3-term arithmetic progressions in
dg#® subsets A C [N]: x, x + d, x + 2d.
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Szemerédi’'s Theorem

Szemerédi’s Theorem (Finitary Version)

Define
IN] ={1,2,...,N}

Fix 0 > 0 and positive integer k. Then, there exists a positive integer
N = N(k, §) such that every subset of [N] of size at least 6N contains an

arithmetic progression of length k.

Observation. Roth's Theorem deal with the case of 3-term arithmetic progressions in
dense subsets A C [N]: x, x + d, x 4+ 2d. But notice this is equivalent to finding

solutions in A to the linear equation X+ 2z— 2y = 0.
- L SNS———
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General Problem

Problem
Let A C [N], with density § := |A|/N. How do we count solutions in A:
’-A/_/

D> 1a(x) - a(xs) ?

_—
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General Problem

Problem

Let A C [N], with density § := |A|/N. How do we count solutions in A:

D> 1a(x) - a(xs) ?

Here’s a general heuristic:

o Ais Fourier uniform = obtain asymptotic count of solutions on A

P

e Ais an arbitrary dense set =— obtain a local asymptotic count.

P

e To count solutions globally, use arithmetic regularity.

 N——m——
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Fourier Uniformity & Counting




Fourier Uniformity & Counting

Warm-up Exercise

Given A C [N] with density 6 := |A|/N, what size is

> 1a0)a()1a(2)?

X+y=z
T N N—
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Fourier Uniformity & Counting

Warm-up Exercise

Given A C [N] with density § := |A|/N, what size is

> 1400 a()1a(2)?

X+y=z

Equidistribution Heuristic. For x + y — z = ¢, Is there anything special about the case
¢ = 07 Perhaps some differences emerge when c gets to the extreme ends of the
interval (—N, 2N), but for most ¢ € (—N, 2N), we expect:

—
D> W@ = D 1)) a(2).

x+y—z=0 x+y—z=c
L — &

13



Fourier Uniformity & Counting

Warm-up Exercise

Given A C [N] with density 6 := |A|/N, what size is
==

> 1400 a()1a(2)?

X+y=z

Equidistribution Heuristic. Tidying this up:

> a)a(a(z) =

X+y—z=c ' X+y—z=/C

N
X,y,Z
= |AP°/N




Random Sets Obey Heuristic

Let AC [N], P(n € A) = 6. Thus, E|A| = 6N.
— -z

What is the expected number of solutions in A?

14



Random Sets Obey Heuristic

Let AC [N], P(n € A) = 6. Thus, E|A| = JN.

What is the expected number of solutions in A? 2 ?
) A
S AX
E ( Z 1A(X)1A(y)1A(Z)> ~ Z P(x,y,z € A) C\MU\B
X+y=z X+y=z 7%
3 X/UA
— ~ &0 D I ) (2)

X+y=z

14



Random Sets Obey Heuristic

Let N = 200. Let |A| = 20. So § = 5. Naive heuristic predicts that we get around
(5)° x (200)? = 20 solutions.

./_~—_\/\/\_.\/'\/'~
L 5
oo L S o8- *0 O 0o (2] ®-®
#{x 17
J /
L 2 L 2 L L 2 & -89 ® —8 9000 9 00 L L
50 1 150 O
o = H—‘ - - . .

15



Structured Sets do not obey Heuristic

W 28 :50 om0 2 509

However, the same is not true for structured sets. —g K zé o

e A= {x € [N][10b, b € N}. We get 190 solutions to x + é = z.

’_-M‘

o A {x e [N]HOb + 5,b € N}. We get 0 solutions.

o« A= {1,2,. 20}. We get 190 solutions.
f’\)

o A={91,..,110}. We get O solutions.
<—_\_’

16



What is a “structured set”?

For us, a structured set is a Bohr translate.
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What is a “structured set”?

For us, a structured set is a Bohr translate.

Start by embedding [N] homomorphically into a circle:

C—

e Write S':= {z € C: |z| =1} for the unit circle in plane, a group under multiplication.

-

—

e Any homomorphism from (Z, +) — S' is of the form n — e(an) for some a € T, where

2T

is the complex exponential, and T R/Z is the torus.

e(a) :=e

|

Definition

For any o € R, define ||a||T to give the distance to the nearest integer:
<

|a||T := min|a — n|.
nEZ

17



What is a “structured set”?

Bohr Set & Bohr Translate
Llet S C T and € > 0.

e A 1-dim Bohr set pulls back an arc around 1.
Bla,e) :={x € Z: ||ax||t < €}
e A 1-dim Bohr translate takes a general arc, not necessarily around 1.

Bla,l) :=4{x€Z:nael}

18



What is a “structured set”?

Bohr Set & Bohr Translate
Llet S C T and € > 0.

e A 1-dim Bohr set pulls back an arc around 1.
Bla,e) :={x € Z: ||ax||T < €}

e A 1-dim Bohr translate takes a general arc, not necessarily around 1.

Bla,l) :=4{x€Z:nael}
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What is a “structured set”?

Bohr Set & Bohr Translate

Let SC T and € > 0.
e A d-dim Bohr set:

B(a,€) := B(ag,e) N --- N B(ag, €)
e A d-dim Bohr translate translate takes a general arc:
Bla,l) :=4{xe€Z:nael}

does this for | =  x --- x Iy C T9 is a product of intervals and

a = (Oé], . Ozd).

20



Bohr Translates

n—» e(n/200),

#{x+y=2}=190

50 100 150 200

{n € [200] : ||n/200||; < 1/10}

21



Bohr Translates

n — e(n/200),

Ce

{n € [200] : ||n/200|x > 9/20}
22



Bohr Translates

n— e(nv?2),
—_—\
2\
< \@0 SO\
0 ':.n:o" . 15 0

{n € [200] : ||nv2||; < 1/20}

23



Bohr Translates

n— e(nv?2),

#{x+y=2}=139

{n € [200] : ||nv2||; < 1/20}

24



How do we detect Bohr structures?

A Bohr structure is essentially when you pullback an arc along your homomorphism
7 — S'. We want a way of describing when we have dense clustering in S'.
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How do we detect Bohr structures?

A Bohr structure is essentially when you pullback an arc along your homomorphism
7 — S'. We want a way of describing when we have dense clustering in S'.

Fourier Transform
Given a finitely supported’ function f: Z — C define its Fourier transform by

fla) =) f(x)e(ax). «

“f(x) # 0 for only finitely many integers.

25



How do we detect Bohr structures?

Let f = 14 for A a finite set of integers A. Then, the Fourier transform Ta(c) is an

- 1
average of A embedded into S'. LN/X C « <

26



How do we detect Bohr structures?

Let f = 14 for A a finite set of integers A. Then, the Fourier transform Ta(c) is an
average of A embedded into S'.

Fourier Uniformity
A set A C [N] of density § := |A|/N is e-Fourier uniform on [N] if

14 — 0T lloo < ellTalloc

Equivalently,

Va e T | E e(an) — E e(an)| <e
ncA N

& =21 . ——

26



Key Takeaways

Fourier non-uniformity —> Bohr Bias

Let A C [N]. Suppose A has density § := |A|/N and A is not e-Fourier uniform.

—

=>
Then, there exists a 1-d Bohr translate B s.t.

|AﬂB|>| ” | Ty
T

Fourier Uniform — Naive Heuristic

Let A C [N]. Let b, q, ..., ¢cs € Z with ¢; # 0 and s > 3. Suppose A has density
§ := |A|/N, Ais e-Fourier uniform. Then, B

——

> ) alxs) =06 ) () g (xs) + o(eNT)

C]X]+"'+C5X5:b C]X]+"'+C5X5:b
27




Local Asymptotics for Arbitrary Sets




Roth's Theorem, revisited

Question. Under what conditions do subsets of A C [N] exhibit 3APs {x, x + d, x + 2d}?

/ —————— e

Roth’s Theorem
Fix > 0. Then, either:

=

o VA C [N] with |A| > 6N, 33AP € A (d + 0)

o or N 1.
——

28



Fourier-Uniform Sets contain 3APs

Recall: (x,y,z)is a3APiff x —2y +z=0.

29



Fourier-Uniform Sets contain 3APs

Recall: (x,y, z) is a 3AP iff x — 2y + z = 0. Therefore, if A C [N] has density  and is
A/
e-Fourier Uniform, the number of 3APs satisfies the asymptotic.

D 1) a(x + dlalx +2d) = 6 > () ng(x + d)Iag(x + 2d) + o(eN?). ()
x,d x,d

Observation

5,2,!;(x+zﬁ€ IN]| <= x,z€ [N]&x=2z (mod 2).




Fourier-Uniform Sets contain 3APs

Recall: (x,y, z) is a 3AP iff x — 2y + z = 0. Therefore, if A C [N] has density  and is
e-Fourier Uniform, the number of 3APs satisfies the asymptotic.

D 1) a(x + dlalx +2d) = 6 > () ng(x + d)Iag(x + 2d) + o(eN?). ()
x,d x,d
Observation
x,z,%(x+z) € [N] < x,ze[N|&x=z (mod 2).
And thus:

S 1 () (¢ + )Ty (x + 2d) = [N/2)? + [N/2]2 = %sz +o(1)).
x,d

—

29



Local Fourier Uniformity

Question. Not all dense subsets A C [N] are Fourier uniform. What do we do then?

30



Local Fourier Uniformity

Question. Not all dense subsets A C [N] are Fourier uniform. What do we do then?

Answer. We restrict to a subset P C [N] for which AN P is essentially Fourier uniform.

30



2 Key Lemmas

/f“’*ﬁ

Given any € > 0 and any A C [N], there exists a function w.(N) — oo and a
_— —

progression P C [N] s.t.

e Ais as dense on P as it is on [N]. Ep(1a) > En(1a); 2

e Fourier Uniformity. |[1anp — Er(14)1p|s0 < €|[Tp|]oo 2 M\p 5 |
e Arbitrary Length. |P| >(wc(N).
<

E—

31



2 Key Lemmas

Lemma 2: Local Fourier Uniformity — Naive Heuristic

e ACP

e A has density § := |A|/|P|

o |14 — 61p||oe < €[1p(0)].
Then,

S L@ =3 S 1m0 (2) + o(elPP)

x—2y+z x—2y+z=0

32



Key Observation

Let P=a+ q-[M] = a+ {q.2q, ..., gM}. Notice 3APs are translation-dilation invariant,

le.

(a4+gx) —2(a+qy)+(a+gz) =0 <= x—2y+z=0

———————

33



Key Observation

Let P=a+ q-[M| = a+ {q, 2q,...,gM}. Notice 3APs are translation-dilation invariant,

le. =

(a4+gx) —2(a+qy)+(a+gz) =0 <= x—2y+z=0

Hence,

Y M) = > O ()1 (2).

x—2y+z=0 x—2y+z=0

The same argument as before gives the following lower bound

> bb)Ie() > 5[PP
x—2y+2z=0

—

33



Proving Roth's Theorem

Let A C [N] with |A| = dN.
— —

Step 1. By the Local Fourier Uniformity Lemma 1, we obtain a progression
P =a+ q-[N;] on which AN P is essentially Fourier-uniform & we(N) < |P].
—_ -

_—
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Proving Roth's Theorem

Let A C [N] with |A| = dN.

Step 1. By the Local Fourier Uniformity Lemma 1, we obtain a progression
P = a+ g-[Nj] on which AN P is essentially Fourier-uniform & w.(N) < |P|.
Step 2. Apply Lemma 2 and Key Observation to get

> Taep(ae(Mare(2) =8 > ()1 (2) — o(eN?)

x—2y+z=0 — x—2y+z=0 -

1
> 58%|PP = o{elPP?)

. . . . ? “ .
So if we take € sufficiently small with respect to 0, we obtain a lower bound.

Z 1AQP(X)]AQP()/)1AQP(Z) > (53“3’2
x—2y+z=0 r e
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Proving Roth's Theorem

Let A C [N] with |A| = dN.

Step 2. So if we take € sufficiently small with respect to 0, we obtain a lower

bound.

Z 1Amp(X)1Amp(y)1Amp(Z) > 53‘P’2.

x—2y+z=0

Step 3. We're almost done, except it's possible that this contains only trivial 3APs

- e.g. (x x x).
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Proving Roth's Theorem

Let A C [N] with |A| = dN.

Step 2. So if we take € sufficiently small with respect to 0, we obtain a lower

bound. WAQ\QB/

Z 1Amp(X)1Amp(y)1Amp(Z) > 53‘P’2. *
x—2y+z=0

Step 3. We're almost done, except it's possible that this contains only trivial 3APs

| < £1P)

- e.g. (x, x, x). In which case, impose a crude bound
\P\ > > Lanp()Tane(y)lane(z )>>> 5°|P|°.
x—2y+z=0

In other words, the Iength of |P| < 1. But length of N is also bounded by |P|, and
so N <5 1.
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Proving Roth's Theorem

Let A C [N] with |A| = dN.
—_—
Step 2. So if we take € sufficiently small with respect to 0, we obtain a lower

bound.

Z 1Amp(X)1Amp(y)1Amp(Z) > 53‘P’2.
x—2y+z=0

Step 3. We're almost done, except it's possible that this contains only trivial 3APs

- e.g. (x, x, x). In which case, impose a crude bound
P> > Laap()ane(y)lane(z) > 8| PP,
x—2y+z=0
In other words, the length of |P| <5 1. But length of N is also bounded by |P|, and
so N < 1. m\r'frw’(
Step 4. Summarising: Either A contains 3APs, or N is bounded in terms of 9.
7 TT————  # 35




Arithmetic Regularity




Let A C [N], with density ¢ := |A|/N. How do we count solutions in A

> 1a(x) - a(xs) ?

— )

e |f Ais Fourier Uniform, we have an asymptotic formula for the number of solutions.

e If Alis arbitrary dense subset, we can restrict to a progression P C A and obtain a
local asymptotic there.
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Let A C [N], with density ¢ := |A|/N. How do we count solutions in A

> 1a(x) - a(xs) ?

e |f Ais Fourier Uniform, we have an asymptotic formula for the number of solutions.

e If Alis arbitrary dense subset, we can restrict to a progression P C A and obtain a
local asymptotic there.

Arithmetic regularity gives us a framework for globally counting solutions on A.
=

36



Arithmetic Regularity Lemma, Take # 1

The Fourier transform of f: Fg — C is a function f: Fp — C defined by

f(r) ::E

where r - x = ) rix;.
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Arithmetic Regularity Lemma, Take # 1

The Fourier transform of f: Fg — C is a function f: Fp — C defined by

f(r) ::E

where r - x = ) rix;.

e-Uniformity

We say that A C F} is e-uniform if 14(r)] < eforall r e F2\ {0}.




Arithmetic Regularity Lemma, Take # 1

The Fourier transform of f: Fg — C is a function f: Fp — C defined by

f(r) ::E

where r - x = ) rix;.

e-Uniformity

e say that A C IFy is e-uniform if 1a(r)] < e for all r € Fp \ {0}.

For an affine space W C Fj, we say that Ais e-uniform on Wif AN Wis

e-uniform when viewed as a subset of W.

37



Arithmetic Regularity Lemma, Take #1

Green’s Arithmetic Regularity [Gre05]

For every ¢ > 0 and prime p, there exists integer M s.t. for every A C F?, there
Y , P 8 Y b

Is some subspace W C I} with codimension at most M s.t. A is e-uniform on all

——

but at most e-fraction of cosets of W.

—

38



Arithmetic Regularity Lemma, Take #1

Green’s Arithmetic Regularity [Gre05]

For every € > 0 and prime p, there exists integer M s.t. for every A C [y, there

Is some subspace W C I} with codimension at most M s.t. A is e-uniform on all

but at most e-fraction of cosets of W.

As an application of this, one obtains:

Roth’s Theorem in [ with popular common difference

For all € > 0O, there exists ng = ng(€) s.t. for all n > ng and every A C FZ with
|A| = a3", there exists y # 0 s.t.

{x € FY:x,x+y,x+2y € A} > (a® — €)3".

38



Green-Tao Arithmetic Regularity

Question. What if it's not obvious how to neatly partition your object into easily
describable pieces?
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Green-Tao Arithmetic Regularity

Question. What if it's not obvious how to neatly partition your object into easily

describable pieces?

Answer. A perspective, popularised by Tao, is to view regularity as a decomposition
result rather than a partition result. More precisely, a regularity lemma is something

that tells you:

A ~ structured part + uniform error + small error.
/ A

39



Green-Tao Arithmetic Regularity

Here’s a first approximation of the result:

Green-Tao Arithmetic Regularity [GT10]

la= fstr + fsml + funf
=
where

e f. = Bohr translate

® fsm = small exceptional set

%@r&*"

® fuyy = Fourier uniform set

How does this help us globally count solutions? The slogan:

Yo ) als) Y far(a) e foer(xs).

C1X1+""|’C5Xs:b C1X1+"'+C5Xs:b 40
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Green-Tao Arithmetic Regularity

More precisely:

Green-Tao Arithmetic Regularity [GT10]

Let e > 0, and F: Z>¢ — [0, 00) a growth function. There exists an integer
M = M(e, F) such that for all A:

la = fstr -+ fsml + funf
satisfying
e for = F(0n) for an M-Lipschitz F: TM — [0,1], € T™.

o fomi: [N] = [-11] s.t. ||fsmi||1 1s small, where ||fsmil]1 < 6H1[N]H1
o funtt [N] = [=11] st ||funflloo < [[T]oo/F (M)

41



Stable Regularity

Question: What can graph theory tell us about structure vs. randomness?



Graph-theoretic Distortions

In Week 1, | mentioned that part of my original excitement about viewing X(k) as a
graph is that this perspective might highlight certain patterns in the distribution of
rational points that were previously obscured.
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Graph-theoretic Distortions

In Week 1, | mentioned that part of my original excitement about viewing X(k) as a
graph is that this perspective might highlight certain patterns in the distribution of

rational points that were previously obscured.

If we're no longer viewing X(k) as graph, how might graph theory still give us clues

about structure vs. randomness within X(k)?
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Szemerédi Regularity (Review)

Szemerédi Regularity Lemma (SRL)

For every € > 0, there exists N(e) s.t. every finite graph G may be partitioned
Into m classes ViU --- U V,, where m < N and

o All of the pairs V;, V; satisfy || Vi| = |Vj|| < 1.

e All but at most em? of the pairs (V;, V;) are e-regular.
s
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Szemerédi Regularity (Review)

Szemerédi Regularity Lemma (SRL)

For every € > 0, there exists N(¢) s.t. every finite graph G may be partitioned
Into m classes ViU --- U V,, where m < N and

o All of the pairs V;, V; satisfy || Vi| = |Vj|| < 1.

e All but at most em? of the pairs (V;, V;) are e-regular.

Discussion. Informally, SRL says any large dense graph G can be approximated by
well-behaved pieces. But we can see this approximation isn’t perfect:
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Szemerédi Regularity (Review)

Szemerédi Regularity Lemma (SRL)

For every € > 0, there exists N(¢) s.t. every finite graph G may be partitioned
Into m classes ViU --- U V,, where m < N and

o All of the pairs V;, V; satisfy || Vi| = |Vj|| < 1.

e All but at most em? of the pairs (V;, V;) are e-regular.

Discussion. Informally, SRL says any large dense graph G can be approximated by
well-behaved pieces. But we can see this approximation isn’t perfect:

e The number of pieces N(¢) in the partition given by the lemma is potentially huge,

2
a tower of exponentials (2% )

—

e There exists e-irregular pairs.

f-/——_\—'
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Half-Graphs

It was asked by Szemerédi if the existence of e-irregular pairs were necessary. It was
soon noticed that that the answer was yes.

Half-Graph

A half-graph is a bipartite graph with vertex classes A = {q, ..., a5} and
B = {b, ..., by} where agjb; is an edge iff i <.

Draw.
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Stable Regularity

Surprisingly, it turns out the only barriers to e-regularity are these half-graphs.

[:
For r € N, call a graph G r-edge stable if it contains no half-graph of length r.
o

46



Stable Regularity

Surprisingly, it turns out the only barriers to e-regularity are these half-graphs.

For r € N, call a graph G r-edge stable if it contains no half-graph of length r.
. T

Stable Regularity [MS14] <l

b"}f

For each € > 0 and r € N, there exists N = N(e, r) s.t. for any sufficiently largg o
finite r-edge stable graph G, for some ¢ with £ < N, the graph G can be

partitioned into dijsoint pieces A, ..., Ay and:
e The partition is equitable, i.e. the sizes of the pieces differ by at most 1.

e All pairs are e—regular, and moreover have density either > 1—¢€ or < e.
_—— —

o N< (4777,
e ——
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Stable Arithmetic Regularity

In fact, one can identify analogues of half-graphs in the arithmetic setting.
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Stable Arithmetic Regularity

In fact, one can identify analogues of half-graphs in the arithmetic setting.

Definition

A subset A of a finite abelian group G is k-stable if there does not exist

sequences aj, ..., di, by, ..., by € Gs.t. g+ b € Aiff) <.

——
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Stable Arithmetic Regularity

In fact, one can identify analogues of half-graphs in the arithmetic setting.

Definition
A subset A of a finite abelian group G is k-stable if there does not exist
sequences aj, ..., di, by, ..., by € Gs.t. g+ by € Aiff i <.

Stable Arithmetic Regularity [TW19]

For all e € (0,1), k > 2, and primes p, there exists ng = ng(k, €, p) s.t. the
following holds for all n > ng. Suppose that G := F, and A C G is k-stable.

Then, there is a subspace H < G of codimension m < M s.t. for any g € G,
either [(A—g)NH| <¢|H|or [H\ (A—g)| < ¢€|H|. -
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Test Problems



Regularity Problems

Our study group has led us to ask questions about the local interactions of rational

points, and how this relates to their global distribution.

Problem #1: Geometric Regularity Lesnma

Let X(k) be the set of rational points of a Fano variety X/k (maybe to make our
lives easier, assume that X is a del Pezzo surface). Prove an analogue of the

regularity lemma in this setting.
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Regularity Problems

Problem #2: Extensions of Geometric Regularity

Once we solve Problem #1, there are a couple of important extensions of the
regularity lemma that we should also figure out the analogues of. In particular:

e Prove an analogue of the counting lemma. What does this tell us about the

distribution of rational points?

e Prove an analogue of the stable regularity lemma. What is the analogue of
the haIf—araph In our setting? What can this tell us about exceptional thin

sets?

50



Local Distribution

There are some lingering questions regarding local distribution [Hual/] that appear to
be unanswered, and are of independent interest:

Problem # 3: Repulsion

Based on our understanding of local distribution (or otherwise), prove a
repulsion principle for rational points for a suitable class of Fano varieties,

analogous to the one proved by McKinnon [McKI11]. J(E, Q S DQ;S{ CP/ 3

Problem # 4: Role of Exceptional Thin Sets

Fix a rational point P. Explain how the local distribution around P changes based
on whether P lives in the exceptional thin set or not.
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Local Distribution

There are some lingering questions regarding local distribution [Hual7] that are of
independent interest:

Problem #5

Under what conditions might we deduce Manin-Peyre’s Conjecture from the

Local Distribution Conjecture of rational points?
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Higher Order Fourier Analysis

Fourier Analysis works for counting 3APs (because it's a linear equation with at least 3
variables). However, higher arithmetic progressions correspond to systems of

equations, for which Fourier Analysis works less well. To this end, Gowers developed
“Higher Order Fourier Analysis.”

Problem #6: Higher-Order Fourier Analysis

Extend the methods of Higher Order Fourier Analysis to the study of rational
points. What kind of leverage does this give us? E.g. can we improve upon
various results that were (conditionally) proved via the Circle Method?

Remark. The full power of the Green-Tao Arithmetic Regularity Lemma is done not just for

Fourier uniformity, but for higher-order equivalents in terms of so-called Gowers norms. There
is also a higher-order analogue of stability in this setting [TW21].
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